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Let n > 3. We point out that, for the indicator function of the n-dimensional
ball, the spherical partial sum of Fourier series oscillates at the center of the
ball, and that, if the radius of the ball is 1/k (k = 2,3,---), then the period
of the oscillation is k. Moreover, we give graphs of the partial sums when n =
3,4,5 and 6. We can see the Pinsky phenomenon and the Gibbs phenomenon
in them. In the cases of n =5 and 6 we can see another phenomenon.
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I. Introduction

In one dimension, the behavior of Fourier series at a point depends only on the
behavior of the function in a neighborhood of that point. In particular, if the
function is zero on an interval, then the Fourier series converges to zero on that
interval. However, in two or more dimensions, this localization property does not
generally hold (see for example [1, 2, 14]).

In two or more dimensions, there are many ways to add up the terms of Fourier
series; spherical partial sum, rectangular partial sum, square partial sum, etc. See
3, 4, 6] for the rectangular or square partial sum.

In this paper we consider the spherical partial sum. Pinsky, Stanton and Trapa [13]
and Kuratsubo [8, 9] investigated the convergence of the spherical partial sums of
radial functions. Pinsky, Stanton and Trapa [13] showed, for example, that the
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spherical partial sum of Fourier series of the indicator function of the n-dimensional
ball diverges at the center of the ball when n > 3.

In this paper, we point out that, when n > 3, for the indicator function of the
n-dimensional ball, the spherical partial sum of Fourier series oscillates at the center
of the ball, and that, if the radius of the ball is 1/k (k = 2,3,---), then the period
of the oscillation is k. Moreover, we give graphs of the partial sums when n = 3,4,5
and 6. We can see the Pinsky phenomenon and the Gibbs phenomenon in them. In
the cases of n =5 and 6 we can see another phenomenon.

The Fourier coefficients of a function F on T™ and its spherical partial sum are

defined by

F(m) = / F(x)e ™™ dy, m = (my, - ,my,) € Z",

S\F i)=Y F(m)e*™™,  |m|=

Im|<A

respectively, where Z" denotes the n-dimensional integer lattice, T™ denotes the n-
dimensional torus, whose points are written (z1,--- ,x,), —% < ap < %, and, the
inner product max denotes Y ;_, myxy.

Let x, be the indicator function of the ball centered at 0 and of radius a > 0, i.e.

o) = {1 2l <a,

0 |z| > a.
Let
1 |z| <a,
Xa(x) =475 lz[=a,
0 |z| > a,
and

F,(z) = Z Xa(z +m), Fu(z)= Z Xa(x +m).

mezZm™ meZL™

fo<a< %, then F, is equal on T" to the indicator function of the ball with radius
a and centered at 0.
Our main results are the following.

Theorem 1.1. Let n > 3 and a > 0. Then S\(F,,0) oscillates as A = 1,2,3,---
and X — oo. Ifa=1/k (k=2,3,--), then the period of the oscillation is k. More
precisely,

772 n—3 - n—>5
SA(Fy : 0) = F,(0) — 712(2) (aX) = sin<27ra>\ Ul 1 37?) +0 (}\max(o, 2 )> :
2
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Particularly, in the cases n = 3,4, 5, we have the following.

Theorem 1.2. Let a > 0.
(1) If n =3, then
— 2
S\(F, : 0) = F,(0) — = sin(2maX) + o(1).
T
(2) If n =4, then

S\(F, : 0) = F,(0) — (a/\)% sin (27Ta/\ — iw) + o(1).
(3) If n =15, then

SA(Fy, : 0) = F,(0) + %a/\ cos(2mal) — 3§ sin(2ma) + O(1).
7r

Example 1.1. Let n = 3 and a = 1/4. Then

1+ 0(1) A =0 mod 4,
2
9 I1——=40o(1) A=1mod4,
S\(F1/4,0) =1——sin=\A+0(1) = 0
s(F172,0) T 2 @ 1+ o(1) A =2 mod 4,
2
I1+—+0(1) A=3mod4.
\ T
Example 1.2. Let n =4 and a = 1/4. Then
( A
1+ g—i—o(l) A =0 mod 4,
A
3 - 1- §+0(1) A =1 mod 4,
S)\<F1/4,0) =1- \/;sin (5)\ — Z) +O(1) =
1-— %—1—0(1) A =2 mod 4,
A
1+ §+0(1) A =3 mod 4.
\

Example 1.3. Let n =5 and a = 1/4. Then

A 8
Sx(Fi4,0) =14 5 cos g)\ — —sin g/\ + O(1)

3 3m
(A
1+§—|—O(1) A =0 mod 4,
l—i-i—O(l) A =1 mod 4
_ 3 - ’
A
1—§—|—O(1) A =2 mod 4,
8
\1+—7T+O(1) A =3 mod 4.
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We state known results in the next section and prove our main results in the third
section. We give graphs of S\(Fi/4) for n = 3,4,5,6 in Section 4. For Example 1.1
see Figure 1, for Example 1.2 see Figure 2, and, for Example 1.3 see Figures 3 and 4.

ITI. Known results

In this section we state known results to compare with our main results. We use
Lemmas 2.5 and 2.6 to prove our main results in the third section.

2.1. Fourier transform of radial functions. The Fourier transform of a function
f on R™ and its spherical partial sum are defined by

f& = fl@e ™ de, £eR",
Rn

M) = | femds, |¢= 1> & zeR"
[€]<A k=1
respectively, where R™ denotes the n-dimensional Euclidean space, whose points are
written x = (21, ,2,), —00 < xp < 00, the inner product {x denotes Y ,_ Exxy,
for £, € R™.

For the indicator function of the ball

@) = {1 2| < a,

0 |x| >a,

it is known that the Fourier transform of y, is the following:

rzal
21 IR R
| ST L e2nlea)
GQT for £ # 0,

where J, is the Bessel function of the first kind of order «. Its spherical partial sum
denoted by x4\ (), i.e.

Yan(@) = /5 _ Kl de

There are several results for the spherical partial sum of the Fourier transform of
the radial functions (see [5, 8, 10, 11, 13|, etc.). For the indicator function of the
ball, the following is known.

Theorem 2.1. Let x = 0.
(1) If n=1 orn =2, then

Jim xa(0) = Xa(0) =

(2) If n =3, then

2 2
liminf x,2(0) =1— =, limsup x,x(0) =1+ —.
A—00 ™ A—00 ™
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(3) If n >4, then

n—4 n—3 n—4 n—
T2 a 2 3—n T2 a 2
TThHoaN lim sup ATX,I’)\(O) = T = n\

Theorem 2.2. Let x # 0. Then, for all n,

lim inf A7y 0(0) = —

Jim o () = Xa(2)-

2.2. Fourier series of radial functions. There are several results for the spherical
partial sum of Fourier series of the radial functions (see [5, 7, 8, 9, 12, 13], etc.). For
the indicator function of the ball, the following is known.

Theorem 2.3 ([12, 13]). Ifn > 3, then the spherical partial sum of the n-dimensional
Fourier series of the indicator function of the ball |x| < a diverges at the center
= 0.

We denote by Q™ the set of all rational points in R"™.

Theorem 2.4 ([8], p. 202). For x # 0 we have the following:
(1) If 2 <n < 4,
lim Sy (F, : z) = F,(x).

A—00

(2) If n > 5 and x ¢ Q",

lim sup ()\577” |S) (Fy : @) —E(x)D = 0.

A—00

(3) If n>5 and x € Q",

lim sup ()\5% 1S\ (Fy : @) —E(m)’) < +o00.
A—00

(4) Ifn>5,
lim Sy (F, : ) = F,(z) for almost all .

A—00

From (2.1) it follows that, for a > 0,

Tza"
e f —
) A F(% 1) orm =0,
(2.2) Fo(m) = Xa(m) =
. Jn (2m|m]a)
a? —2——>— form # 0.
Im|[2

Lemma 2.5 ([8], p. 204). Let a > 0. Then

S\(Fo:x) = Z Xa(m)e*mime
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where

1 " -1
5(35):{ ey kozmin{kEZ:nT<k},

0 z¢Z"
. a¢atl
Pt — t— 212mmx_L5
Jn . (27as?
Aia,s) = M

535+
Lemma 2.6 ([8], p. 207). (1) If 2 <n <4, then
P\ 2)A(a, \?) = o(1) for 0<1< k.
(2) If n > 5 and x € Q", then
PN 2)Ay(a, N2) = ON"T)  for 0<1< k.
(3) If n > 5 and x ¢ Q", then

P2 2)Ai(a, N2) = o(A"T)  for 0 <1< k.

ITI. Proof of main results

We use a formula of the Bessel function:

(3.1) Jo(s) = \/WZ ( -2t %) +0(s72)

For a = 3/2, 5/2, we have

(3.2) Jy(s) = \/g (—coss + Sigs) ,

2
(3.3) Js(s) = —(—Sins—écossqLisins).

2 s S 52

Let
¢
Go(t) = / s* 1 Ja(5) ds.
0
Then, from (2.1) it follows that

1 2wal - 1
—_ s2 " Jn(s)ds = —————G»(2mal).
g S G

In the following, Subsections 3.1-3.3 are to prove Theorem 1.2. By Subsection 3.4
and Theorem 1.2, we have Theorem 1.1.

(34)  Xaa(0) =
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3.1. The case of n = 3. Using (3.2) and (3.4), we have

2 [ (e s T [ 22
Xa(0) = \/%Gg(%ra/\)

= ——sin(2ma)) + —/ T s
0

™ ™ S

M\w

and

2
= ——sin(2ma)) + 1+ o(1).
T
By Lemmas 2.5 and 2.6, we have

S\(F, : 0) = F,(0) — 2 sin(2ma)) + o(1).

™

3.2. The case of n = 4. We note that
t
d <J1(S)) _ () and / Ji(s)ds = —Jo(t) + 1.
0

ds s s

By the integration by parts, we have

Gal(t) = /OtsJQ(s)ds:— 0t52 (-JQ(S)) ds

) a(22)

Using (3.1) and (3.4), we have
2 1, 1 _1
Go(t) = —\/jt2 sm(t - Z—l7r> +240(t™2),
7r

1
Xax(0) = §G2(27ra)\)

_ —%\@ (27a))

—(aX)? s (27ra)\ - iw) +1+0(\2).

and

N

1 1
sin (27ra)\ - ZW) +14+0(A2)

[NIES

By Lemmas 2.5 and 2.6, we have

S\(F, : 0) = F,(0) — (aX)? si (27ra)\ - iw) +o(1).
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3.3. The case of n = 5. Using (3.3) and (3.4), we have

\/7/ (—ssms—Bcoss—l—S—)ds
:\/jtcost—él\/jsint—}—i%\/j/ Smsds
T T Ty S

I\J\U‘

and
1 /2
Xa(0) = 3 %G%(27TCL)\)
2 2waX _:
= §(2wa)\) cos(2mal) — % sin(2mal) + ;/0 sn;s s

4
= ga/\ cos(2mal) — 3% sin(2raX) + 1+ o(1).
By Lemmas 2.5 and 2.6, we have
— 4
SA(Fy, : 0) = F,(0) + §a/\ cos(2mal) — 3§ sin(2ma) + O(1).
m

3.4. The case of n > 6. We note that

g(aq@>:_a@_

ds so—1

By the integration by parts, we have

(3.5) Galt) = — /0 a2 <— ‘iﬂ;(j) ) ds

o () o [ (B

=t T (1) + 2(a — 1)Gy1(1).

By (3.1) we have t*"1.J,_(t) = O(t*"2). We have already that G5(t) = O(¢2) in
the case of n = 4 and Gg(t) = O(t) in the case of n = 5. Then we have by induction

Go(t) = O(t* %) for « =n/2, n =4,5,6,---. Using (3.5) and (3.1) again, we have

2 3 200 — 3
Gao(t) = —\/%75“‘2 sin(t - a4 37r) + Ot 172),

fora =n/2,n=6,7,8,---. Using (3.4), we have

Xar(0) = ﬂ%r(ﬂ)Ga(%a)\)
1 2 -3 n-5
= —221F(g)\/;(27m)\) 7 sin (27ra)\ - 7T> +O0(\N2)
572 . 3
= F(g) (a))"Z sin (27Ta 7T> +O0(N7)
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By Lemmas 2.5 and 2.6, we have

w22

')

Sy (F, : 0) = F,(0) — ”_37r> + O,

(a)\)ana sin (27Ta)\ -

IV. Graphs

In this section, we give graphs of the spherical partial sums of Fourier series for
the indicator function of the 3-6 dimensional balls of radius @ = 1/4. We use
Mathematica.

To express the graphs of S)(Fi/4) in two dimensions, we calculate

1 1
S,\(F1/4) for (21,29, -+, 2,) = (£,0,---,0), D) <z < 5
Let
72"
for k =0,
o+ 1)
U(k) = .
Iz (2mhkia)
At =7 fork=1,2,3,---.

ki
Then, by (2.2), we have U(|m|?) = F,(m) and

S)\(Fa P T, T, ,xn) = Z U(’m‘2)e?wi(mlxl+m212+...+mnxn)
m124ma2+--my 2<A2
fOI' m = (mbm% P 7mn) c Zn
Then we have
SA(F(z : x,()?... ,0) = Z U(|m|2)e27rim1x
m12+4+ma24-+m,2<A2
= Z U(|m|?) cos 2mmy @

m124+ma?+-4my 2 <A
A
= Z Z U(lm|*) | cos2mmx
mi=—X \mz2+-+mp2<A2—m;?
A

)\2
— Z Z C(k —m®)U(k) | cos2mmx,

mi=—X \ k=m

where C'(k) is the number of the points (mg, -+ ,m,) € Z"! such that my*+ - - +
m,? = k.

We can see the Pinsky phenomenon and the Gibbs phenomenon in our graphs.
In the cases of n = 5 and 6 we can see another phenomenon (see Figures 9, 10, 13
and 14).
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Figure 3. Sx(Fi4:2,0,0,0,0) for —0.5 < 2 < 0.5 in 5 dimensions.

5 dimensions: A =0,1,2,---,35.
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Figure 4. Sx(Fi4:2,0,0,0,0) for —0.5 < 2 < 0.5 in 5 dimensions.

13

5 dimensions: A = 100, 101,102, - - - , 107.
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Figure 5.
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S\(Fis:2,0,0,0,0,0) for —0.5 < x < 0.5 in 6 dimensions.

6 dimensions: A =0,1,2,---,35.
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Figure 6. S)(Fi/s :2,0,0,0,0,0) for —0.5 < 2 < 0.5 in 6 dimensions.

6 dnnenswns A = 100,101,102, --- ,107.
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Figure 7.
S)\(Fl/4 1 x, 0,0) for 0.2 < x < 0.5.

Figure 8.

SA<F1/4 : I,0,0,0) for 0.2 < x < 0.5.

3 dimensions: \ = 400, 401,402, - - - , 407.
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Figure 9. Figure 10.
SA<F1/4 s, 0, 0,0,0) for 0.2 < x < 0.5. S)\(Fl/4 : CL’,0,0,0,0,0) for 0.2 < x < 0.5.

5 dimensions: A = 400,401,402, --- ,407.|| 6 dimensions: A\ = 400,401,402, - - - ,407.
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Figure 11.
S)\(Fl/4 1 x, 0,0) for 0.2 < x < 0.5.

Figure 12.

SA<F1/4 : I,0,0,0) for 0.2 < x < 0.5.

3 dimensions: A = 800, 801, 802, - - - ,807.
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Figure 13. Figure 14.
Sx(Fija:2,0,0,0,0) for 0.2 <2 <0.5.  Sx(Fiss:2,0,0,0,0,0) for 0.2 <z <0.5.

5 dimensions: A = 800, 801, 802, - -- ,807.|| 6 dimensions: A = 800, 801, 802, - - -, 807.
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